IEX 7

Let Ry and R be the “congruent modulo 3” and the
“congruent modulo 4” relations, respectively, on the set
of integers. That is, Ry = {(a, b) | a = b (mod 3)} and
R>» ={(a,b) | a = b (mod 4)}. Find

a) R UR». b) Ri N Ry.

¢) R — Ry. d) R, — R;.

e) R ® R».



SOLUTION

Ri={{a,b}la=b{mod 3)}
Ry ={la.b)la=b{mod 4)}

(a) The union of two relations contains all ordered pairs that are in elther
relation.

RiURy={(a,b)la=b{mod 3} or a=>b(mod 4)}
= {{a,b}la—b=0{mod 3)ora—b=0{mod 4)}
= {{a,b}]la—b=0,3.60r 9(mod 12} or [a—b=0,4,8 (mod 12)]}
= {{a.b)|ja—b=10,3.4,6,8 or 9 (mod 12)]}

Note: a is a multiple of b if and only if b divides a.



(b) The intersection of two relations contains all ordered pairs that are in
both relations.

RimRz:={(a,b)la=b{mod 3) and a = b {mod 4)}
= {({a,b)la=b{mod 12}}

(e} By — Hs contains all ordered palrs that are in the relation R, that do
not occur in the relation Ao,

Ri— Ry = {{a.b)la =b{mod 3) and —ja = b (mod 4}]}
= {{a,b)ja —b=0{mod 3) and —ja — b =0 {mod 4)]}
= {{a,b)|jla —b=10,3,6 or 9(mod 12} and =[a — b =0,4,8 (mod 12)]}
= {{a,b}la —b=3,6 or 9 (mod 12)}



(d) s — Ry contains all ordered pairs that are in the relation fs that do
not occur in the relation R,.

Rs— Ry ={la,b)la=b{mod 4) and —ja = b (mod 3)]}
= {{a,b}la —b=0{mod 4) and —Ja — b =0 (mod 3)]}
= {(a,b})|la —b=0.4,8 (mod 12)] and =[a — b =0.3,6 or 9 {mod 12)]}
= {(a,b)la—b=4or 8 (mod 12)}

e} By & Hsy contains all ordered pairs that are in the relation By or R, but
not in both.

Ri& Ry = {{a.b)|ja =b{mod 3) or a = b (mod 4)] and —fa = b{mod 12)]}
= {{a,b)|la —b=0{mod 3} or a — b =0 {mod 4)] and =ja — b =0 {mod 12]]}
= {{a,b)|{la—b=0,3,6 or 9 {mod 12)] or ja — b=0,4.8 (mod 12}]) and =ja — b = 0 (mod 12)]}
= {{a,b)|ja—b=3.4,6,8 or 9 (mod 12)]}



Ex 8

Let R be a relation that is reflexive and transitive. Prove
that R" = R for all positive integers n.

Let R be the relation on the set {1, 2, 3, 4, 5} containing
the ordered pairs (1, 1), (1, 2), (1, 3), (2, 3),(2,4), (3, 1),
3.,4), (3,5, 4,2), 4,5), (5,1), (5,2), and (5,4).
Find

a) R’ b) R>. ¢) R*. d) R°.



DEFINITIONS

A relation R on a set A is reflexive if (a.a) € R for every element a £ 4.
A relation R on a set A is transitive if (a.b) € R and (b,c} £ R implies
(a.c) e R

The composite S o [ consists of all ordered pairs (a,c) for which there
exists an element b such that (a,b) e R and (b,c) 25

SOLUTION

Given: Relation R on a set A4 s reflexive and transitive

To proof: A" = R for all positive integers n.

PROOF BY INDUCTION

Let P(n) by the statement " ™ = R".

Basis case n =1

The result is trivial, because R = R is always true and R! = R.
Inductive case Let us assume that FPn) be true.

R"=R
We need to prove that P(n + 1) 1s also true.

' —R"oR
= HoR
Let (a,b) € R.

Since R is reflexive: (b, b) e R.
By the definition of composite: {a,b) € Ro R = R*t!

R - Hn+l



Let (a,b) € R"*! = Ro R.
By the definition of composite: e € R :{a,c) € Rand (c.b) € R
By the definition of transitive: (a,b) € R

Hﬂ-l—l (; R

Since ™! C B oand B € R™!. we have then shown:
R =R
Thus F{n+ 1} is true.

Conclusion By the principle of mathematical induction, P(n} is true for
all positive integers n.

[

R? = (1,2)(1,3)(1,4)(1,1)(1,5)(2,1)(2,4)(2,5)(2,2)(3,2)(3.3)(3.4)(3.5)(3, 1)(4,3)(4,4) (4, 2) (4, 1)(5,1)(5,2)(5,3)(5,4)(5.5)

R = (1,2)(1,3)( 14} (L 1)(1,5)(2,2)(2.31(2, 412, 5)(2,1)(3.2)(3.3)(3.4)(3, 1)(3,5) (4, 1)(4,4)(4,5)(4,2)(4,3)(5,2)(5.3)(5,4)(5,1)(5,5)
RY = (1,1)(1,2)(1,3)(1,4)(1,5)(2,1)(2,2)(2,3)(2,4)(2,5)(3.2)(3.3)(3.4)(3,5)(3, 1)(4,3)(4,4)(4, 2){4,1)(4,5)(5,1)(5,2)(5,3)(5,4)(5,5)
R = (1,2)(1,1)(1,3)(1,5)(1,4)(2,1)(2,2)(2,3)(2,4)(2,5)(3.2)(3.3)(3.4)(3,5)(3, 1)(4,3)(4,4)(4, 2){4,1)(4,5)(5,1)(5,2)(5,3)(5,4)(5,5)



Ex 9

Let R be the relation represented by the matrix

My =

e )

1
1
0

_ O =

Find the matrix representing
a) R™1. b) R. ¢) R%.



DEFINITIONS

The inverse relation B~'is the set {(b.a)|(a.b) € R}

The complementary relation R is the set {{a,b)|(a,b) & R}

The composite 5 o [ consists of all ordered pairs (a,¢) for which there
exists an element b such that (e, b) € R and (b.c) e 5

A relation R can be represented by the matrix Mg = [m;;]

.__{1 if (a;.b;) € R
m!.i'_ 0 if {ﬂab}}éH

SOLUTION

o
o 1

(a) The matrix corresponding to the inverse relation R~! is the transposed
of the matrix representing H:

o1 17
Mpi=[1 10
10 1
011
{110
10 1




(b} The matrix corresponding to the complementary relation R changes
every zero to a 1 and changes every one to a 0 in the matrix
representing H:

(¢) The matrix corresponding to the composite of two matrices s the Boolean
product of two matrices.

MR’-’ = MRL?J MH

1 1 01 1
10 1 101
[(0A0)v (TAT)V(IALY (DATIV(IATLIV(IAD) (DAT)V(IAO0)Y (1AT)
— (1A v(IAal)v(0Aal) (TA1)v(IAL)V(0AD) (1AT1)V(1AO)V (0AT)
(1A0)v (DAT)V(IAL) (TAT)V(DATLIV(IAD) (1AL)V(0AD)Y(1A1)
Owlvl 0wvivo Dvﬂvl]

= |0wvlvD ITwvlivl 1wvOvO
Owvovl 1vOovD 1wowvl

11 1
=111

11 1




Ex 10

Let Ry and R, be relations on a set A represented by the
matrices

0O 1 0 0 1 0
MR1 =11 1 1 and MR2 =10 1 1
1 0 O I 1 1
Find the matrices that represent
a) R UR». b) R N R». ¢) RroR;.
d) R;oR;. e) R ® R».
Ex 11

Let R be the relation represented by the matrix

My =

- o O

1
0
1

oS - O

Find the matrices that represent
a) R>. b) R3. ¢) R*.



SOLUTION

) ) {b) The matrix corresponding to the intersection of two relations is the meet

Lo of the matrices representing each of the relations:
Mg, =1 1 1
1 0 0]
0 1 0] Mgk, = D':"Iﬂl N Mg,
Mg, = |0 1 1 a0 1Al Dﬂﬂ]
111 =|1a0 1a1 1n1l

1A1 DAL DAL

() The matrix corresponding to the union of two relations is the join of

the matrices representing each of the relations: B E } "i']

100

Mﬂll_lﬂ:r = MR1 WV MR‘:

w0 1wl 0w
=(1v0 1vl 1wl
1v1 0wl Dv1

0 1 0
=11 11

111




() The matrix corresponding to the composite of two matrices is the Boolean {E} The l:ﬂﬂ't“}: CG”ESFEnde to the umﬂl:l of two relations is the join
product of two matrices. the matrices representing each of the relations:

MH‘_TGR'I_ = th O] MH‘:

N Mo, = Mr, & M,
__1uuU1 11 0a0 131 D&

[0/ 0 (1A0)V(0AT) (0AT)v (IALV(OAT) (0A0)Y(1AT)Y(0AT) = |l&0 1al gl
= [(1A0)V{IAD)Y(IAT) (IADV(IALV(IAL) (TA0)V(IAT)V(LAT) 141 041 0%1

(1A0)V(DAD Y (DAT) (1ATIV(OAT)V(DAT) (1AD)V(DAT)V(0AT) 00 0

[0vOowvD Owlvo 0vIvo — 11 0o
—{ovovl 1vivl 0vivi

0vOvD Tv0v0 0vOvO 011

011
=11 11

010

{d)} The matrix corresponding to the composite of two matrices is the Boolean
product of two matrices.

MR10R1 = th O] MFh

0 1 0 010
100 [1too

[(0A0)V(TAL) Y (0AT) (DALY (IAT)V(DAD) (DAD) Y (1AT)v(0AD)
= (1A V(AL v (IAT) (IAT)V(LALIV(IAD) (1AD)v(1A1)v(1AD)
(1A0VOAL Y (0AT) 1ALV 0AT)V(0AD) (TAD)V(0AT)Y(0AD)
v 1wvD O0wvlwv0 OvlwvoD
= |0wvlwvl 1wlw0 ﬂvlvﬂ]
(0w OwvD TwOov0 O0vOwvO

1 1 1
=1 11

010




SOLUTION {b) The matrix corresponding to the composite of two relations is the Boolean
product of two corresponding matrices.

['l] 1 D-‘
Mp= {0 0 1 Mp =Mpg o Mg
11 00 1] [01 0
(a) The matrix corresponding to the composite of two relations is the Boolean = |1 1 0f =0 01
product of two corresponding matrices. 01 1 110

[(DA0)V (DA0)v(1AT) (0AT)V(0AD)V(IAT) (DAD)V(DAT)Y (1AD)

Mgz =Mz ® Mg — [(1A0) v (1A0)V(0AT) (1AL)V(LADJV(DAT) (1A0)V(LAL)Y (DAD)

0 1 DW P] 1 DW (0A0) v (TAD)w(1ATl) (DAl)v(lA0)v(Ial) (DAD)V(1TAT)v(1AD)
=00 IJ ® f 0 IJ 0v0vl 0vOvl 0v0wvo

Lo L1y —lovovo 1vovD uuluu]

[(0A0) v (1AD)V(DAT) (0AT)V(IAD) V(DAL (Dﬁﬂ}v{lﬂl}v{ﬂnﬂ}w 0v0v1 0vOVE DvIvD
= H0AD)V (0AD)V(IAT) (DAL)V(DAD)V(IAL) (0AD)V(DAT)V (1AD) L1 o

(1A0) v (1A0)V(DAT) (LAT)V(IAD)V(DAT) {mu}u{lm}u{unuﬂ I P

0vov0 0vowvD Dvlvﬂ] 111
—lovovl 0vOovl 0vOvD

DvOvD Tv0vD uulou
00 1}
=11 10

01 1J




() The matrix corresponding to the composite of two relations is the Boolean
product of two corresponding matrices.

Mp = Mg 0 Mpg
(1 1 0 01 0
11 1] |1 10

(1A0) Y (1A0)V (DALY (TAT)W(IA0IV(0AL) (1A0)V{LAL)Y(0AO)
= [(0A0)v (1AD)v(IAL) (0AT)JV(LAD)V(IAL) (1A0)V({LATIV (1AD)
(1A0)v (1A0)V (1AL (TAT)V(IAOIV(IATL) (1A0)V{IAT)Y(1A0)
(OwOwD Tv0wD Dwv1vo
= [0wvOwv1l Oviwvl Dulvﬂ]
OwviOwl 1vOvl OwlwvO

0 1 1
=111

11 1




Ex 12

Consider the equivalence relation from Example 2,

namely, R = {(x, y) | x — y is an integer}.

a) What is the equivalence class of 1 for this equivalence
relation?

b) What is the equivalence class of 1/2 for this equiva-
lence relation?



a) R={(z.y):x—yeZ}=llp={y:(Ly)eR}={y:1-yeZ} =L

b) R={(z.y):x—yeZ}=12zg={y: (L y)eR}={y: 1 —yei}=
{(2n+1)/2:ne Z}.



